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Abstract
We holomorphically embed nonlinear sigma models (NLSMs) on SO(2N)/U(N)
and Sp(N)/U(N) in the hyper-Ka¨hler (HK) NLSM on the cotangent bundle of the
Grassmann manifold T ∗G2N,N , which is defined by GN+M,M =
SU(N+M)
SU(N)×SU(M)×U(1) ,
in the N = 1 superspace formalism and construct three-pronged junctions of the
mass-deformed NLSMs (mNLSMs) in the moduli matrix formalism (MMF) by using
a recently proposed method.
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The HK NLSM on T ∗GN+M,M are constructed in the N = 1 superspace formalism [1], in
the harmonic superspace formalism (HSF) [2] and in the projective superspace formalism
(PSF) [3]. The HK NLSMs are equivalent on shell [4]. The HK NLSMs on the cotan-
gent bundles of the hermitian symmetric spaces are constructed in the PSF [3]. The HK
NLSMs on T ∗GN+M,M in the N = 1 superspace formalism and in the HSF are realised in
homogeneous coordinates as the quotient with respect to the gauge group and the models
have the Fayet-Iliopoulos (FI) parameters. The HK NLSMs on the cotangent bundles of
the hermitian symmetric spaces in the PSF are realised in inhomogeneous coordinates and
the models do not have parameters, which correspond to the FI parameters. Since the
HK NLSM on T ∗GNF ,NC is the strong coupling limit of the U(NC) gauge theory, we are
interested in NLSMs that are realised as the quotient with respect to the gauge group. The
quadrics SO(2N)/U(N) and Sp(N)/U(N) are submanifolds of G2N,N . The HK NLSMs on
T ∗SO(2N)/U(N) and T ∗Sp(N)/U(N) are not yet constructed as the quotient with respect
to the gauge group.
Due to the U(N) gauge fixing and the SU(2)R symmetry, the direct comparison between
the HK NLSMs on the quadrics in the HSF and in the PSF would be nontrivial. Therefore
we need physical observables of the HK NLSMs. The simplest observables would be three-
pronged junctions of the mNLSMs, which are 1/4 Bogomol’nyi-Prasad-Sommerfield (BPS)
objects.
In this paper, we propose on-shell N = 2 NLSMs on SO(2N)/U(N) and Sp(N)/U(N).
We also propose a method of constructing three-pronged junctions of the mNLSMs on
SO(2N)/U(N) and Sp(N)/U(N) with non-degenerate masses in the MMF [5] by using the
diagram method [6]. The method is generically applicable for any N .
The Ka¨hler NLSMs on SO(2N)/U(N) and Sp(N)/U(N) are constructed in [7] by im-
posing F-term constraints, which are vanishing GC-invariants, on the Ka¨hler NLSM on
G2N,N . Since the F-term constraints vanish, the symmetries of the NLSMs are consistent
with the SU(N) gauge symmetry and the supersymmetry of the Ka¨hler NLSM on G2N,N .
It is shown that the NLSMs on the quadrics that are isomorphic to the complex projective
spaces produce equivalent Ka¨hler potentials [8]. It justifies the method [7] and its results.
We extend the Ka¨hler NLSMs on SO(2N)/U(N) and Sp(N)/U(N) to N = 2 supersym-
metric NLSMs by imposing consistent F-term constraints on the HK NLSM on T ∗G2N,N in
the N = 1 superspace formalism. We are interested in the NLSMs with the FI parameters
ca = (0, 0, c), c ∈ R≥0, which have a bundle structure [9] so that the chiral field Φ of the hy-
permultiplet parametrises only the base manifold. The numbers of the F-term constraints
for the chiral field Φ and the antichiral field Ψ¯ of the hypermultiplet should be the same.
By setting Ψ = 0, the N = 2 NLSMs should be reduced to the Ka¨hler NLSMs. By using
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the criteria, we find only one consistent N = 2 action:
S =
∫
d4x
{∫
d4θ
[
Tr(ΦΦ¯eV ) + Tr(Ψ¯Ψe−V )− cTrV
]
+
∫
d2θ
[
Tr
(
ΞΦΨ + Φ0ΦJΦ
T + Ψ0Ψ
TJΨ
)
+ (conjugate transpose)
]}
, (c ∈ R≥0). (1)
V can be solved. The action is constrained by
ΦΨ = 0, ΦJΦT = 0, ΨTJΨ = 0, (2)
with
J =
(
0 IN
IN 0
)
,  =
{
1, for SO(2N)/U(N)
−1, for Sp(N)/U(N). (3)
Φ0 and Ψ0 are N ×N auxiliary matrix chiral fields, which are symmetric (antisymmetric)
for  = 1 ( = −1). The U(1) charges of Φ0 and Ψ0 should be −2 and +2 for the consistency.
The first constraint of (2) can be solved [9] by
Φ = (IN f) , Ψ =
( −fg
g
)
, (4)
where f and g are N × N matrices and IN is the N × N identity matrix. For J = 0,
f parametrises the base Grassmann manifold whereas g parametrises the cotangent space
as the fiber [9]. For J 6= 0, the second constraint of (2) for Φ, which is fT + f = 0,
guarantees that Ψ obeys the third constraint of (2). As g is not constrained by J , the
bosonic component field of Ψ should not contribute to the continuous vacuum. Therefore
the bosonic component field of the homogeneous Ψ before the gauge fixing also does not
contribute to the vacuum.
The mNLSMs can be obtained by introducing the mass term that is discussed in [9]:
S =
∫
d4x
{∫
d4θ
[
Tr(ΦΦ¯eV ) + Tr(Ψ¯Ψe−V )− cTrV
]
+
∫
d2θ
[
Tr
(
ΞΦΨ + ΦMΨ + Φ0ΦJΦ
T + Ψ0Ψ
TJΨ
)]
+ (c.t.)
}
. (5)
By introducing the potential term, the most part of the continuous vacuum is lifted and the
discrete vacua are left on the surface that is defined by the F-term constraints. As discussed
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before, the bosonic component of Ψ should vanish at any vacuum. Therefore the component
field does not contribute to the BPS solutions which interpolate the discrete vacua. This
observation is consistent with the results of [5, 10, 11, 12]. The bosonic component fields
are
Φ IA (y) = A IA (y) + θθF IA (y), (yµ = xµ + iθσµθ¯),
Ψ AI (y) = B AI (y) + θθG AI (y),
V BA (x) = 2θσ
µθ¯A BµA (x) + θθθ¯θ¯D
B
A (x),
Ξ BA (y) = −S BA (y) + θθK BA (y),
Φ0(y) = A0(y) + θθF0(y),
Ψ0(y) = B0(y) + θθG0(y),
(A = 1, · · · , N ; I = 1, · · · , 2N). (6)
We diagonalise Ξ for later use. We substitute the component fields, eliminate the auxiliary
fields and set B = 0 = B¯. The Lagrangian of (5) becomes
L = Tr
(
DµADµA− |AM − SA|2 − |2JATA0|2
)
, (7)
with constraints
AA¯ − cIM = 0, AJAT = 0, (c.t.)=0, (8)
and the covariant derivative defined by DµA = ∂µA − iAµA. The Lagrangian (7) can be
constructed by replacing the real-valued mass matrix and the scalar matrix field of the
Ka¨hler NLSMs on SO(2N)/U(N) and Sp(N)/U(N) with complex-valued ones. This type
of extension is applied to construct dyonic configurations with non-parallel charge vectors
[12]. By introducing real-valued matrices Mα and Σα, (α = 1, 2) defined by M = M1 + iM2
and S = Σ1+iΣ2, the second term of (7) can be rewritten as |AM−SA|2 =
∑
α=1,2 |AMα−
ΣαA|2.
The mass matrix is defined by a linear combination of the Cartan generators. The
Cartan generators of SO(2N) and USp(2N) are HI = eI,I − eN+I,N+I , (I = 1, · · · , N),
where eI,I (eN+I,N+I) is a 2N × 2N matrix of which the (I, I) ((N + I,N + I)) component
is one. By introducing vectors l := (m1 + in1,m2 + in2, · · · ,mN + inN) with real-valued
mi and ni, (i = 1, · · · , N), and H := (H1, H2, · · · , HN), the mass matrix is formulated as
M = l ·H.
We study three-pronged junctions of the mNLSMs (7). We are interested in static
configurations. We also assume that there is the Poincare´ invariance on the worldvolume.
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So we fix ∂0 = ∂3 = 0 and A0 = A3 = 0. The Bogomol’nyi completion of the energy density
yields the BPS equation, which is solve by
A = S−1H0eM1x1+M2x2 . (9)
The coefficient matrix H0 is the moduli matrix. The constraints in (8) become
SS¯ =
1
c
H0e
2M1x1+2M2x2H¯0, H0JH
T
0 = 0, (c.t) = 0. (10)
The BPS solution and variables are invariant under the transformation:
H ′0 = V H0, S
′ = V S, V ∈ GL(N,C). (11)
The equivalent class of (S,H0) is the worldvolume symmetry in the MMF. The second
equation of (10) and the first equation of (11) show that the moduli matrices parametrise
SO(2N)/U(N) and Sp(N)/U(N).
The MMF is applied to three-pronged junctions of the mNLSM on the complex pro-
jective space, which are Abelian gauge theories [10], and to three-pronged junctions of the
mNLSM on GNF ,NC , which are non-Abelian gauge theories for NC ≥ 2 [11]. The applica-
tion of the MMF to the non-Abelian gauge theories involves nontrivial complications [6].
In [11], GNF ,NC is embedded into the complex projective space CP
NF
CNC−1 by the Plu¨cker
embedding resolving the complications. This method is useful but it cannot be directly
applied to the mNLSMs on the quadrics of G2N,N .
An alternative method is proposed in [6]. It is shown that we can apply the pictorial
representation, which is proposed in [13], to the mNLSM on GNF ,NC and produce diagrams,
which are similar to the polyhedra that are proposed in [10].
We apply the diagram method [6] to the mNLSMs on SO(2N)/U(N) and Sp(N)/U(N).
The models are non-Abelian gauge theories for N ≥ 4 and N ≥ 3 respectively. We
study vacua, walls and three-pronged junctions of the mNLSMs on SO(8)/U(4) and on
Sp(3)/U(3) as examples. We label the vacua from +∞ to −∞ in descending order as it
is done in [13, 14]. The elementary walls are identified with the simple roots of the global
symmetry [15]. The simple root generators Ei, (i = 1, · · · , N) and the simple root αi of
SO(2N) and USp(2N) [12, 16] are summarised below:
•SO(2N), (i = 1, · · · , N − 1)
Ei = ei,i+1 − ei+N+1,i+N , EN = eN−1,2N − eN,2N−1,
αi = eˆi − eˆi+1, αN = eˆN−1 + eˆN . (12)
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•USp(2N), (i = 1, · · · , N − 1)
Ei = ei,i+1 − ei+N+1,i+N , EN = eN,2N ,
αi = eˆi − eˆi+1, αN = 2eˆN . (13)
We construct three-pronged junctions of the mNLSM on SO(2N)/U(N). We first review
[13], which discusses vacua and walls for the case where M2 = 0, Σ2 = 0 and mi > mi+1.
Let 〈·〉 denote a vacuum, and 〈· ← ·〉 or 〈· ↔ ·〉 denote a wall. Elementary wall 〈A← B〉
that interpolates 〈A〉 and 〈B〉 of the mNLSM on SO(2N)/U(N) is defined by the following
relation (i = 1, · · · , N) [13]:
2c[M,Ei] = 2c(m · αi)Ei = T〈A←B〉Ei. (14)
Ei is the simple root generator (12), which corresponds to the elementary wall operator
of the MMF, c is the FI parameter of the Lagrangian (5) and T〈A←B〉 is the tension. Let
g〈A←B〉 ≡ 2cαi denote the elementary wall of (14). A compressed wall of level l is defined
by a linear combination of l vectors. A pair of penetrable walls are orthogonal. Vacua and
elementary walls of the mNLSM on SO(8)/U(4) are studied in [13]. 〈1← 2〉, 〈2← 3〉 and
〈1← 3〉 are generated by E4, E2 and [E4, E2].
We consider the case where M2 6= 0 and Σ2 6= 0 to construct three-pronged junctions.
We reformulate the diagram in Figure 2 of [13] to obtain the diagram in Figure 1(a).
Vertices, edges and triangular faces correspond to vacua, walls and three-pronged junctions.
The diagram describes walls, which interpolate adjacent vacua so that compressed wall
〈1← 7〉, for instance, is not shown in the diagram. We study the three-pronged junction
that divides {〈1〉, 〈2〉, 〈3〉}. We apply the formulas for the M2 = 0 and Σ2 = 0 case to the
M2 6= 0 and Σ2 6= 0 case by using the worldvolume symmetry to yield the moduli matrices
for walls (hAI = exp(aAI + ibAI); aAI, bAI ∈ R):
H
(1,1)
0〈1↔2〉 = H
(2,2)
0〈1↔2〉 = 1, H
(3,3)
0〈1↔2〉 = H
(4,4)
0〈1↔2〉 = h33,
H
(3,8)
0〈1↔2〉 = −H(4,7)0〈1↔2〉 = h38, (otherwise) = 0. (15)
H
(1,1)
0〈2↔3〉 = H
(4,8)
0〈2↔3〉 = 1, H
(2,2)
0〈2↔3〉 = H
(3,7)
0〈2↔3〉 = h22,
H
(2,3)
0〈2↔3〉 = −H(3,6)0〈2↔3〉 = h23, (otherwise) = 0. (16)
H
(1,1)
0〈3↔1〉 = H
(3,3)
0〈3↔1〉 = 1, H
(2,2)
0〈3↔1〉 = H
(4,4)
0〈3↔1〉 = h22,
H
(2,8)
0〈3↔1〉 = −H(4,6)0〈3↔1〉 = h28, (otherwise) = 0. (17)
The first superscript is the row number and the second one is the column number. As the
moduli matrices have the worldvolume symmetry, only one of the hAI parameters or the
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ratio of the two parameters in each moduli matrix is independent. The wall solutions are
obtained by (9). The positions of 〈1↔ 2〉, 〈2↔ 3〉 and 〈3↔ 1〉 are
(m3 +m4)x
1 + (n3 + n4)x
2 + (a33 − a38) = 0,
(m2 −m3)x1 + (n2 − n3)x2 + (a22 − a23) = 0,
(m2 +m4)x
1 + (n2 + n4)x
2 + (a22 − a28) = 0. (18)
There is a consistency condition a23−a33 = a28−a38. Therefore there are two independent
aAI parameters to describe the junction position as expected. The position of the junction,
which divides {〈1〉, 〈2〉, 〈3〉} is
(x, y) =
(
S1
S3
,
S2
S3
)
,
S1 = (−a33 + a38)n2 + (a22 − a28)n3 + (a22 − a23)n4,
S2 = (a33 − a38)m2 + (−a22 + a28)m3 + (−a22 + a23)m4,
S3 = (m3 +m4)(n2 − n3)− (m2 −m3)(n3 + n4). (19)
We construct three-pronged junctions of the mNLSM on Sp(N)/U(N). We first review
[14], which discusses vacua and walls for the case where M2 = 0, Σ2 = 0 and mi > mi+1.
Unlike SO(2N), the lengths of the simple roots of USp(2N) are not all the same. Therefore
we should scale the simple roots to describe elementary walls. Elementary wall 〈A← B〉
that interpolates 〈A〉 and 〈B〉 of the mNLSM on Sp(N)/U(N) is defined by the following
relations:
2c[M,Ei] = 2c(m · αi)Ei = T〈A←B〉Ei, (i = 1, · · · , N − 1),
c[M,EN ] = c(m · αN)EN = T〈A←B〉EN . (20)
The corresponding elementary wall is g〈A←B〉 ≡ 2cαi, (i = 1, · · · , N − 1) or g〈A←B〉 ≡
cαN . Compressed walls and penetrable walls are defined by the same formulas as the
SO(2N)/U(N) case. The distinguishing feature of the mNLSM on Sp(N)/U(N) is that
there is a compressed wall sector of unequal length simple roots: g〈···〉 = 2cαN−1 + cαN .
The diagram for vacua and elementary walls of the mNLSM on Sp(3)/U(3) is presented in
Figure 1 of [14]. 〈1← 2〉, 〈2← 3〉 and 〈1← 3〉 are generated by E3, E2 and [[E3, E2], E2].
We consider the case where M2 6= 0 and Σ2 6= 0. We reformulated the diagram to obtain
the diagram in Figure 1(b). There do not exist compressed walls 〈1↔ 4〉, 〈5↔ 8〉, 〈1↔ 6〉
and 〈3↔ 8〉 since
(2α2 + α3) · α3 = 0, (2α1 + 2α2 + α3) · α3 = 0. (21)
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We study the three-pronged junction that divides {〈1〉, 〈2〉, 〈3〉}. The positions of 〈1↔ 2〉,
〈2↔ 3〉 and 〈3↔ 1〉 can be calculated by the same method:
2m3x
1 + 2n3x
2 + (a33 − a36) = 0,
(m2 −m3)x1 + (n2 − n3)x2 + (a22 − a23) = 0,
2m2x
1 + 2n2x
2 + (a22 − a25) = 0, (22)
with a consistency condition (a22 − a25) − (a33 − a36) − 2(a22 − a23) = 0. The position of
the junction that divides {〈1〉, 〈2〉, 〈3〉} is
(x, y) =
(
T1
T3
,
T2
T3
)
,
T1 = 2(−a33 + a36)n2 + 2(a22 − a25)n3,
T2 = 2(a33 − a36)m2 + 2(−a22 + a25)m3,
T3 = −4m2n3 + 4m3n2. (23)
<
<
1
<
<
2
<
<
3
<
<
4 <
<
5
<
<
6
<
<
7
8<
<
<
<
1
<
<
2
<
<
3
<
<
4 <
<
5
<
<
6
<
<
7
8<
<
(a) (b)
Figure 1: The numbers in brackets indicate the vacuum labels. The numbers without
brackets indicate the subscript i’s of simple roots αi.
We have proposed the on-shell N = 2 NLSMs with the FI parameters ca = (0, 0, c > 0)
on SO(2N)/U(N) and Sp(N)/U(N) in the N = 1 superspace formalism. To claim that the
NLSMs are hyper-Ka¨hlerian, it should be shown that the NLSMs can be extended to NLSMs
that ensure the supersymmetry covariance, which incorporates the SU(2)R symmetry. We
hope to report on the results elsewhere.
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